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Abstract.    The problem of search of optimum complexity system of regression equations by 
principles of the Group Method of Data Handling surveyed. The criterion of quality of a system of 
regression equations which is system analogue of criterion of the regularity is offered . The criterion 
is researched in the scheme of repeated observations.  
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1 Introduction  
 
The problem of construction of a regression equations system in conditions of structural uncertainty 
by quantity and structure of regressors in regression equations is one of objects of researches in a 
Group Method of Data Handling (GMDH) [1, 2, 3].  

For the solution of a problem of statistical modeling in the given class of models in conditions of 
structural uncertainty it is necessary: 1) to specify a method of estimation of coefficients in models; 2) 
to construct algorithm of generation of models structures; 3) to accept criterion of quality for models 
comparison.  

As is known, in a GMDH the comparison of quality of models is based on partition of initial 
sample of the data on learning and verifying parts: on learning sample the coefficients of model 
estimate, and on verifying the quality of model estimates.  

Pursuant to principles of modeling in GMDH for the substantiation of adequacy of criterion of 
quality of models it is necessary: 1) to calculate mathematical expectation of researched criterion for 
given structure of model; 2) to research behavior of mathematical expectation of this criterion 
depending on structure of models; 3) to prove existence of model of optimum complexity; 4) to 
receive a condition of a reduction (simplification) of model of optimum complexity.  

In the given article the criterion of quality of a regression equations system being system 
analogue of criterion of regularity GMDH is offered.  

In [4] the problem of estimation of coefficients in a regression equations system in the 
supposition surveyed, that the errors of observations of output variable simulated object statistically 
are dependent, the output variables can be determined, generally speaking, by different sets of 
regressors, and the dispersion matrix of errors of observations of output variables is unknown. In these 
conditions for determination of coefficients the iterative scheme of estimation is constructed, which 
efficiency is confirmed by a method of statistical tests. In [5] this problem surveyed at the additional 
supposition that the dispersion matrix of errors of observations of output variables is known to within 

Group Method of Data Handling, criterion of the 
regularity for regression equations system, repeated 
observations scheme.  
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a scalar multiplier. This supposition has allowed to receive the analytical formulas for estimations of 
coefficients in a regression of equations system and analytically to research their properties.  

Based on results [4, 5], it is possible to state a problem of construction of system criterion of 
regularity for search of optimum set of regressors in a regression models system.  
 

2 Statement of the Problem  

Let researched static object be described by set m of input variables },...,,{
o

2

o

1

oo

mxxxX =  and set h  

output variables )}(),...,2(),1({ hyyyY = .  

Let the model of investigated object have the form  

hkkkxkkkyky
km

1j
jj ,...,2,1),(ξ)()(θ)ξ()()(

)( ooo
=+=+= ∑

=
,            (1) 

where k  is a number of an output variable; h  is a volume of output variables; )(ky  is a measured 

with an error k -th output variable; )(
o

ky  is a not noisy (unobservable) k -th output variable; )(ξ k  is 

random unobservable measurement error k -th output variable; )(
o

kx j  is an j -th input variable from 

set of input variables ∅≠)(
o

kX  ( ∅  – empty set), participating in formation a k -th output variable; 

)(km  is a volume input variable, inhering to set )(
o

kX ; ),(θ),(θ()( 2

o

1

oo
kkk =θ T

)(

o
))(θ..., kkm  is a vector 

of unknowns not equal to zero of coefficients.  
Let as a result of observation of object for everyone output variable ,,...,2,1),( hkky =  for two 

sample of observations – learning )(A  and verifying )(B  are obtained: 1) ),(
o

kDX  is a 

))()(( kmDn × -matrix )(Dn  of observations )(km  of inputs of set )(
o

kX , having a full rank equal 

)(km ; 2) ),( kDy  is )1)(( ×Dn -vector of the conforming observations of an output variable ),( kDy , 

where BAD ,= . Pursuant to model (1)  

hkkDkkDkDkDkD ,...,2,1),,()(),(),(),(),(
ooo

=+=+= ξθXξyy ,       (2) 

where ),(
o

kDy  is )1)(( ×Dn -vector of values no noisy (unobservable) by a k-th output variable; 

),( kDξ  is a )1)(( ×Dn -vector of random unobservable measurement errors by a k-th output variable.  

Let the vector random variable T)),(ξ),...,2,(ξ),1,(ξ()(ξ hDDDD =  is distributed under the h -

dimensional normal law: ),(~)(ξ Σ0hND , and concerning )1)(( ×Dn - vectors ),( kDξ , ,,...,2,1 hk =  

assumptions are executed  

hkkDkDEkDE DnkkDn ,...,2,1,σ)},(),({,)},({ )(
T

)( === Iξξ0ξ ;        (3) 

qkhqkqDkDE Dnkq ≠== ,,...,2,1,,σ)},(),({ )(
T Iξξ ;             (4) 

))()((
T

21 )},(),({),(,...,2,1,,0)},(ξ),(ξ{
21 BnAnii qBkAEDniikDkDE ×=== Oξξ , (5) 

where E{ ⋅} is a symbol of a mathematical expectation on all probable realizations of random vectors 
),( kDξ  and ),( qDξ ; h0  is )1( ×h -vector consisting of zero; Σ  is a unknown covariance )( hh × -

matrix; kkσ  – unknown final size, a dispersion of a random variable ),(ξ kD ; kqσ  – unknown finit 

covariance of random variables ),(ξ kD  and ),(ξ qD ; )(DnI  is the ))()(( DnDn ×  unit matrix; 

))()(( BnAn ×O  is a zero ))()(( BnAn ×  matrix.  

Let's write down (2)–(5) in the generalized kind. For this purpose we shall enter designations  

)],,(),...,2,(),1,([)( hDDDD yyyY =              (6) 

)],,(),...,2,(),1,([)(
oooo

hDDDD yyyY =                   (7) 

)].,(),...,2,(),1,([)( hDDDD ξξξΞ =                (8) 
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Then (2) it is possible to write down as  

),()()(
o

DDD ΞYY +=       (9) 

and assumptions (3)–(5) –  
,)}({ ))(( hDnDE ×=OΞ               (10) 
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where ))(( hDn ×O  is a zero ))(( hDn × -matrix.  

Let's consider, that the covariance matrix Σ  looks like  
o
ρΣΣ = ,                   (12) 

where the matrix 
o
Σ  is supposed set, and ρ  is an unknown scalar multiplier.  

Let's formulate statement of a problem: it is required to construct criterion of regularity MGDH 
which would allow to find optimum set of regressors for the regression equations system in conditions 
(1)–(12).  

Let's assume, that the algorithm of full generation of analyzed and selected sets of regressors is 
applied.  
 

2 Estimation of Coefficients in SA-optimal Regression Equations 
Systems  
The decision of a task in view assumes estimation coefficients of regression equations system on 
training sample A  and estimation of the received the regression equations system on verifying sample 
B .  

For estimation coefficients on training sample A  we shall take advantage of results of work [5] 
where SA -optimum estimations of coefficients of regression equations system in assumptions (1)–
(12) are received as a result of minimization entered SA-functional.  

Let ,,...,2,1)),(),...,(),((),( )(

^

2

^

1

^^
hkAdAdAdkA km ==d  – some estimations of unknown 

coefficients hkk ,...,2,1),(
o

=θ , received on sample A . For outputs corresponding regression models it 

is carried out  

hkkAkAkAkAkAkA ,...,2,1),,(),(),(),(),(),(
^o^

=+=+= udXuyy ,  

where ),( kAu  is a so-called )1( ×n - vector of the rests of k -th model.  

Let's enter a designation )],(),...,2,(),1,([)( hAAAA uuuU = .  

Definition 1. SA-optimum regression equations system is defined as system for coefficients 
which ),(),...,2,(),1,( hAAA SASASA ddd  is carried out  

SA
hAAA

SASASA hAAA Φ=
),(),...,2,(),1,(

^^^
minarg)),(),...,2,(),1,((

ddd

ddd ,  

where ))]()([(detln
1 T AA
hSA UU=Φ .  

Estimations of coefficients of SA-optimum regression equations system, received on sample A , 
have the form (see results (27)–(32) in [5])  

)()()())()(()( T1T AAAAAASA yBAAAd −= ,    (13) 

where  
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matrixes )(Ak•A  and )(AB  are the block matrixes such, that for k -th a "block line" )(Ak•A  matrix 

)(AA  is carried out  








=• ),(),(α)2,(),(α)1,(),(α)(
oo

2

o

1 hAkAAkAAkAA hkkkk XPXPXPA L ,               (15) 

for k -th a "block line" )(Ak•B  matrixes )(AB  is carried out  

[ ]),(α),(α),(α)( 21 kAkAkAA hkkkk PPPB L=• .       (16) 

Let's note, that the size of a block matrix )(AA  is equal hh ×  blocks or MM ×  elements where 

)(...)2()1( hmmmM +++= , and the size of a block matrix )(AB  is equal hh ×  blocks or 

)(ANM ×  elements where hAnAN ×= )()( .  

In formulas (15) and (16) sizes ,,...,2,1,,α hqkqk =  are elements of matrixes, the opposites of the 

covariance matrixes set in (12)  

qkqk ][α
1

o
−= Σ ,          (17) 

and ),( kAP  – a matrix of projection at independent estimation coefficients k -th model on a method 

of the least squares:  

),()),(),((),( T
o

1
o

T
o

kAkAkAkA XXXP −= .             (18) 

If to enter a designation  

)()())()(()( T1T AAAAA BAAAC −=         (19) 

(the size of a matrix )(AC  is equal hh ×  blocks or )(ANM ×  elements), then the SA-optimum 

estimations of coefficients received on sample A , it is possible to write down as  
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where  
[ ])()()()( 21 AAAA khkkk CCCC L=•  –   (21) 

k -th "block row" matrixes )(AC .  

For outputs conforming of regression models is executed  

hkkAkAkAkAkAkA ,...,2,1),,(),(),(),(),(),(
o

=+=+=
∧∧

udXuyy ,    (22) 

where vectors of the rests for which it is carried out ( )( An0  – a zero )1)(( ×Dn  vector)  

)()},({ AnkAE 0u = .                (23) 

Let's enter a matrix of outputs of models  

)],,(),...,2,(),1,([)( hAAAA
∧∧∧∧

= yyyY             (24) 

the incorporated matrix регрессоров  

)],(),...,2,(),1,([)(
oooo

hAAAA XXXX =              (25) 

and a matrix of the rests of models  

)],(),...,2,(),1,([)( hAAAA uuuU = .             (26) 



197

Then (22) it is possible to write down in the generalized kind:  

)()()()()()(
o

AAAAAA SA UDXUYY +=+=
∧

,      (27) 

where  
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Let's consider a matrix )(AW  in which the ),( qk -element is calculated on columns matrixes of 

the rests (26) with numbers k  and q : 

=






 −−==
∧∧

kq
kqkq AAAAAAA )]()([)]()([)]()([)]([ TT YYYYUUW  ),(),(T qAkA uu            (29) 

and has a mathematical expectation  

−−== ∑
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

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+∑ ∑
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),()]([)(),(trσ
T

o
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o

1 1
kAAAqA krqs

h

r

h

s
rs XCCX .     (30) 

The covariance matrix of the rests (26) as follows from (30) is determined on the set matrixes of 

plans ),(),...,2,(),1,(
ooo

hAAA XXX  and covariance matrix of mistakes of supervision Σ .  

We use results (13)–(30) for the construction of system criterion of regularity GMDH intended 
for search of optimum set of regressors in system of regressive models.  
 

3 System Criterion of Regularity GMDH  
 
Let set ))(),...,2(),1(( hVVVV =  is some analyzed set regressors in system regression the equations 

( XV ⊆ , X  is the set of regressors such, that XX ⊆
o

), and a matrix  

)],(),...,2,(),1,([)( hDDDD VVVV =     (31) 

is matrix of regressors observations on the sample ),( BADD = , corresponding to set regressors V .  

Let's consider a ))(( hBn × -matrix  

),()()(),/()(),/( VABBVABBVAB SADVYYYU −=−=
∧

.           (32) 

where )(BY  is a matrix of observations of output variables (9) on sample B ; ),/( VAB
∧
Y  is a matrix 

of outputs of regression models system on the verifying sample B , designed on model (regression 
models system) which ),( VASAD  estimations of coefficients are received on training sample A  for 

analyzed set of regressors V  according to (13)–(21).  

Definition 2. A random variable  

[ ]( )),/(),/(detln
1

)( T VABVAB
h

VARS UU=     (33) 

is defined as system criterion of regularity for GMDH method.  

For a mathematical expectation of a matrix  

),/(),/(),/( T VABVABVAB UUW =           (34) 

is carried out  
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is ),( qk -element of a matrix ),/( VABM .  

Let's consider the scheme of repeated supervision [6] in which for each vector of observations of 
input variables the pair observations of output variables is executed, and the "first" observation of 
each pair form sample A , and the "second" observation form sample B , i.e.  
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and the ),( qk -element of a matrix ),/(* VABM  looks like  
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Definition 3. The optimal set of regressors is defined as the set regressors XV ⊆0  for which  

)}.({minarg0 VARSEV
XV ⊆

=        (42) 

Definition 4. The optimal regression equations system with respect to number and composition of 
the regressors is defined as regression equations system constructed on the set of regressors 0V .  

Let's receive a condition of a reduction (simplification) of the regression equations system of 
optimum complexity for system criterion of regularity.  
 

4 Condition of Reduction (Simplification) of Regression Equations 
System Optimum Complexity  
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For calculation in (44) mathematical expectation of a determinant of the matrix having Wishart 
distribution, results [8, the theorem 7.5.3, by page 236-237] are applied.  

Taking into account (31)–(43), and also that fact, that at 
o

1 XV =  from (40) follows 
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where  
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and for elements of matrixes ),/(
o

* XABM  and ),/(* VABM  it is carried out ),...,2,1,( hqk = :  
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The condition 0),(∆
o

>VX  represents a condition of a reduction (simplification) of the regression 

equations system of optimum complexity.  
Unfortunately, to simplify a condition of a reduction in view of representation (43) it is extremely 

difficult because of block character of a matrix )(VC . But such condition can be received for a 

special case orthogonal regressors.  

4.1 Case of orthogonal regressors  

As is known, the reduction regression models of optimum complexity (its simplification on number 
included regressors) in conditions confined samples of observations can occur for two reasons: first, 
because of dependence between regressors, and, second, because of smallness the contribution given 
regressor in model and commensurabilities of this contribution with a dispersion of mistakes of 
observations of a output variable. The assumption of orthogonality regressors leaves possible only the 
second reason of a reduction of model.  

Let's assume, that the set missed regressors )(hM  in (43) will consist only of one regressor, i.e. 

for corresponding matrixes regressors and vectors of coefficients of model splitting are carried out  
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where )(hX  is ))1)((( −× hmn -matrix of observations of set regressors )(hM ; m  is )1( ×n -vector 

of observations missed regressor; )(
o

hXθ  is )1)1)((( ×−hm -vector of factors for set regressors )(hX ; 
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hm  is a coefficient at missed regressor.  
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in view of the assumption of orthogonality of regressors  
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where )(kmI  is the ))()(( kmkm ×  unit matrix; )()( qmkm ×O  is the ))()(( qmkm × -zero matrix;  
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Using (52)–(58), for a matrix ),/(
o

* XABM  in (45) and (49) it is received  
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Similarly for a matrix ),/(* VABM  in (46) and (50) with the account (51) it is received  
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Let's calculate now )(δ
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hy  from (46)–(47). With the account (51) for )(
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hy  it is carried out  
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According to (48) and with the account (52)–(58) for )(hy  it is carried out  

=== −

=
∑ )()(),()()()()()()(

oo
1

1

oo
hhhXhqqVhh

h

q
hq θXFXθXCXy   

)(θ)(),()()()(
o

T1
o

hhhXhhh mX mXFXθX −+= .   (63) 



202

Taking into account (62) and (63), for )(δ
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Results (62)–(65) are received without taking into account that, as )(hX  and m  orthogonal. If to 

take into account this assumption for )(δ
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The matching (45) and (46) with the count (59), (61) and (67) proves, that the matrixes ),/(
o

*
1 XABΩ  

and ),/(*
2 VABΩ  differ only )( hh ×  by units, for which the ratio is fair  
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Let's enter )1( ×h  vector  
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where hhm h σ)(θγ T2
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−= mm ; 1−h0  is zero )1)1(( ×−h -vector.  

With count (69) ratio (68) is possible to write as  
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Let's take into account a ratio (70) and we receive a condition of a reduction, prolonging 
calculation (44). For this purpose we shall take advantage of a rule of calculation of a continuant  
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Applying (71) to (44) and taking into account (70), we obtain  
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From (72) follows, that the condition of a reduction in a regression equations system is 

determined is familiar values hhm h σ)(θγ T2
o

−= mm   

если 0γ > , то 0),(∆
o

<VX ,              (73) 

i.e. the set of regressors 
o
X  is ""better" than set of regressors V ;  

если 0γ < , то 0),(∆
o

>VX ,             (74) 

i.e. the set of regressors V  is ""better" than set of regressors 
o
X , and in this case regression equations 

system of optimum complexity becomes simpler on number live in it regressors.  
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5 Conclusions  
The problem of search of a regression equations system of optimum complexity by principles of a 
Group Method of Data Handling surveyed. The criterion of quality of a regression equations system is 
offered which is system analogue of criterion of regularity. The criterion is researched in the scheme 
of repeated observations.  

The structural uncertainty in a problem of construction of regression equations system can reveal 
in two kinds: 1) uncertainty on a degree of statistical relation between random by additive amounting 
in output variables – this kind of uncertainty surveyed in [4, 5], where for an arising problem of 
estimation of factors the conforming method designed; 2) uncertainty by quantity and structure of 
regressors in a regression equations system – this kind of uncertainty is object of research of [7] and 
this article.  

To record all cases of a combination of the missed and redundant regressors in current set of 
regressors V  is similar, how it was made in article [6] for one regression equation, it is extremely 
difficult by virtue of block character of a matrix )(VC . Concerning the obtained condition of a 

reduction (74) it is possible to mark, that it will coincide condition of a reduction of J-optimum model 
(12) in [6], if for number of the missed regressors in (12) in [6] to put 12 =p  and in addition to 

assume orthogonality of regressors.  
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