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ZKHUH��� \ L � LV�WKH�YDULDEOH�YDOXH�LQ�WKH�WDEOH�� �\ L ��LV�WKH�YDOXH�FDOFXODWHG�DFFRUGLQJ�WR�WKH�PRGHODQG�� \ LV�WKH�PHDQ�YDOXH�:LWK� D� ORZ� YDULDQFH� RI� QRLVH�� �� �� G���� ����� DQG�ZLWK� ORQJ� VDPSOHV�� ZH� FDQ� DSSO\� D� GHGXFWLYHPHWKRG��L�H���ZH�FDQ�VHOHFW�EHVW�SK\VLFDO�PRGHOV�E\�DQ�LQWHUQDO�FULWHULRQ�LQ�HDFK�JURXS�DQG�HQWUXVWWKH�VWRSSLQJ�RI�WKH�LWHUDWLRQ�WR�DQ�H[SHUW��:KHQ�WKH�QRLVH�LV�JUHDWHU��VSHFLDO�PHWKRGV�RI�VHDUFKLQJIRU� WKH� SK\VLFDO�PRGHO� VKRXOG� EH� DGRSWHG�� )RU� UHDOO\� JUHDW� QRLVH� W\SLFDO� RI� IX]]\� REMHFWV�� VHOI�RUJDQL]DWLRQ� RI� D� SK\VLFDO�PRGHO� VKRXOG� EH� UHSODFHG� E\� DQ� DOJRULWKP� RI� VHDUFKLQJ� IRU� SK\VLFDOFOXVWHULQJ�RI�D�GDWD�VDPSOH��7KHVH�UHFRPPHQGDWLRQV�FRYHU�WKH�VROXWLRQ�RI�WKH�SUREOHP�RI�ILQGLQJDQG�LGHQWLI\LQJ�RI�ODZV�
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�����6SHFLDO�0HWKRGV�RI�6HDUFKLQJ�IRU�D�3K\VLFDO�0RGHO�WR�,GHQWLI\�/DZV�IRU�1RLV\�'DWDDQG�6KRUW�6DPSOHV7R� ILQG� RXW� KRZ� DQ� REMHFW� IXQFWLRQV�� ZH� QHHG� WR� NQRZ� LWV� SK\VLFDO� PRGHO�� 7KH� DOJRULWKPVGHVFULEHG� EHORZ��ZKLFK� DUH� EDVHG� RQ� WKH� FULWHULRQ� RI� EDODQFH� RI� YDULDEOHV�� DUH� GHVLJQHG� WR� ILQGVXFK�D�PRGHO�7KH�FULWHULRQ�UHTXLUHV�VHOHFWLQJ�WKH�VWUXFWXUH�RI�WKH�PRGHO�VXFK�WKDW�LW�UHPDLQV�RSWLPXP�ZKHQ�QHZREVHUYDWLRQV�RI� WKH�REMHFW�EHFRPH�DYDLODEOH��7R�FRPSXWH� WKH�FULWHULRQ�RI�EDODQFH��ZH�GLYLGH� WKHVDPSOH�LQWR�WZR�HTXDO�SDUWV��VXEVDPSOH�$�DQG�VXEVDPSOH�%��7KH�&RPELQDWRULDO�*0'+�DOJRULWKP\LHOGV� D� VHULHV� RI� PRGHOV� WKDW� JUDGXDOO\� EHFRPH� PRUH� FRPSOLFDWHG� LQ� HDFK� VXEVDPSOH�� 7KHSK\VLFDO�PRGHO�FDQ�EH�IRXQG�E\�WKH�FULWHULRQ�RI�VLPLODULW\�RU�EDODQFH��H�J���LQ�WKH�IRUP
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ZKHUH� �\ $ LV� WKH� RXWSXW� YDOXH� RI� WKH� PRGHO� IRXQG� LQ� VXEVDPSOH� $ DQG� �\ % LV� WKH� VDPH� LQVXEVDPSOH�%�:LWK�D�ORZ�QRLVH�YDULDQFH��WKH�FULWHULRQ�RI�EDODQFH�LV�PXOWLYDOXHG��L�H���PDQ\�PRGHOV�JLYH�LWV�]HURYDOXH�� 6SHFLDO� PHWKRGV� ZHUH� GHYHORSHG� WR� DFKLHYH� XQLTXHQHVV� �UHJXODUL]DWLRQ�� RI� WKH� FKRLFH�LQFOXGLQJ�����PRGHO�VRUWLQJ�WKDW�XVHV�D�FRPELQHG�FULWHULRQ�HTXDO�WR�WKH�VXP�RI�WKH�FULWHULRQ�RI�EDODQFH�DQGWKH�FULWHULRQ�RI�UHJXODULW\�WDNHQ�ZLWK�D�VPDOO�ZHLJKW�����PRGHO�VRUWLQJ�E\�WKH�FULWHULRQ�RI�EDODQFH�RI�YDULDEOHV�WR�VHOHFW�DQ�RSWLPXP�PRGHO�ZLWKDQRWKHU�UHJXODUL]DWLRQ�PHWKRG��H�J���E\�VXSHULPSRVLQJ�QRUPDO�QRLVH�RQ�WKH�RULJLQDO�GDWDVDPSOH�RU�E\�UHGXFLQJ�WKH�QXPEHU�RI�WKH�VDPSOH�URZV�XVHG�����GLVFUHWL]DWLRQ�RI�WKH�YDULDEOHV�GHILQHG�LQ�D�VDPSOH�LQWR�D�VPDOO�QXPEHU�RI�OHYHOV�XVLQJLQWHUQDO�FULWHULD��WKH�GLVFUHWL]DWLRQ�QRLVH�ILOWHUV��ZKHUHXSRQ�WKH�FULWHULRQ�PLQLPXP�LQGLFDWHVRQO\�D�SK\VLFDO�PRGHO�����H[WUDSRODWLRQ�RI�WKH�ORFXV�RI�PLQLPD��/0��WR�LWV�LQWHUVHFWLRQ�ZLWK�WKH�DEVFLVVD�D[LV�RI�WKHSODQH�ZKHUH�WKH�VRUWLQJ�RI�WKH�FULWHULRQ�YHUVXV�WKH�FRPSOH[LW\�RI�WKH�PRGHO�VWUXFWXUH�WDNHVSODFH��DV�WKH�QRLVH�YDULDQFH�FKDQJHV�DQG�WKH�OHQJWK�RI�WKH�VDPSOH��WKH�QXPEHU�RI�SRLQWVEHLQJ�FRQVLGHUHG��YDULHV��WKH�PLQLPXP�RI�SRLQW�FULWHULD�PRYHV�DORQJ�WKH�/0��ZKLFK�LV�XVHGWR�H[WUDSRODWH�WKH�/0�DQG�WR�GHILQH�WKH�VWUXFWXUH�RI�WKH�SK\VLFDO�PRGHO����7KH�3UREOHP�RI�$SSUR[LPDWLRQ�RI�0XOWLGLPHQVLRQDO�3URFHVVHV,W� LV� UHTXLUHG� WR� ILQG� WKH� PXOWLGLPHQVLRQDO� SRO\QRPLDO� IXQFWLRQ� RI� WLPH� WKDW� DSSUR[LPDWHV� WKHIXQFWLRQ�UHSUHVHQWHG�LQ�WKH�GDWD�VDPSOH�E\�H[DPLQDWLRQ�RI�YDULDQWV�:LWK� D� ORZ� QRLVH� YDULDQFH� DQG� D� ORQJ� VDPSOH�� WKH� GHGXFWLYH� PHWKRG� RI� VHOI�RUJDQL]DWLRQ� RI� DSK\VLFDO� PRGHO� FDQ� EH� XVHG� WR� VROYH� WKH� SUREOHP�� :KHUH� WKH� YDULDQFH� LV� FRQVLGHUDEOH�� WKHLQGXFWLYH�PHWKRG�ZLWK�WKH�VHDUFK�IRU�D�QRQSK\VLFDO�PRGHO�LV�FDOOHG�IRU��)RU�D�JUHDWHU�YDULDQFH��ZH
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PXVW�DEDQGRQ�SRO\QRPLDO�PRGHOV�DQG�WXUQ�IURP�SDUDPHWULF�SRO\QRPLDO�PRGHOV�WR�QRQSDUDPHWULFFOXVWHULQJV� DQG� WKH� VHDUFK� IRU� DQDORJXHV� LQ� SUHYLRXV� KLVWRU\� >�@�� 7KHVH� UHFRPPHQGDWLRQV� FRYHUVROXWLRQV�RI�DSSUR[LPDWLRQ�DQG�SURFHVV�IRUHFDVWLQJ�SUREOHPV����7KH�3UREOHP�RI�6KRUW�7HUP�6WHSZLVH�3URFHVV�)RUHFDVWLQJ7KH�RULJLQDO� LQIRUPDWLRQ� LV� WKH�VDPH�DV� LQ� WKH�SURFHVV�DSSUR[LPDWLRQ�SUREOHP��D�GDWD� VDPSOH� LVGHILQHG� DQG� WKH� DFFXUDF\� FULWHULRQ� LV� VSHFLILHG�� 7KH� ODWWHU� PD\� EH� LQWHUQDO� �IRU� ORZ� QRLVH�� RUH[WHUQDO��IRU�FRQVLGHUDEOH�QRLVH���7KH�QRLVH�YDULDQFH�FDQ�EH�HVWLPDWHG�IURP�WKH�FULWHULRQ�RI�HUURUYDULDWLRQ� LQ� WKH� IRUHFDVW� RI� WKH� RXWSXW� YDULDEOH�� 7KH� HUURU� FDQ� EH� FDOFXODWHG� RQO\� DIWHU� WKHIRUHFDVWLQJ���[ G� �| RSW �7KH�PDLQ�GLIIHUHQFH�EHWZHHQ�WKH�VROXWLRQV�RI�DSSUR[LPDWLRQ�DQG�IRUHFDVWLQJ�SUREOHPV�OLHV�LQ�WKHFULWHULRQ�FRPSXWLQJ�PHWKRG��7R�VROYH�WKH�DSSUR[LPDWLRQ�SUREOHP��ZH�FRPSXWH� WKH�HUURU�DW�HDFKFXUUHQW�PRPHQW��7R�VHOHFW�D�IRUHFDVWLQJ�PRGHO��ZH�FRPSXWH�WKH�HUURU�RQ�WKH�IRUHFDVW�ZLWK�D�OHDGWLPH�RI�RQH�VWHS�DKHDG��L�H���IRU�VKRUW�WHUP�IRUHFDVWLQJ��7KH�&RPELQDWRULDO�*0'+�DOJRULWKP�ZLWKDOORZDQFH� IRU� UHWDUGHG� DUJXPHQWV� LV� UHFRPPHQGHG� IRU� WKH� VHOHFWLRQ� RI� WKH� VHW� RI� HIIHFWLYHUHJUHVVRUV� �DUJXPHQWV�� DQG� IRU� VHOI�RUJDQL]DWLRQ� RI� WKH� GLIIHUHQFH� IRUHFDVWLQJ� PRGHO�� $� IXOOSRO\QRPLDO� FRQWDLQLQJ� DOO� DUJXPHQWV� DQG� WKHLU� UHWDUGHG�YDOXHV�PHDVXUHG�ZLWK� D�GHOD\� RI� RQH� RUWZR�VWHSV�LV�VHW�7KH�UHJUHVVLRQ�GRPDLQ�VKRXOG�EH�H[WHQGHG�LQ�RUGHU�WR�LPSURYH�WKH�DFFXUDF\�RI�IRUHFDVWV��FXUUHQWDQG�UHWDUGHG�YDOXHV�RI�RWKHU�YDULDEOHV�FRUUHODWHG�ZLWK�WKH�RQH�WR�EH�SUHGLFWHG�PD\�EH�LQWURGXFHGLQWR� WKH�RULJLQDO� IXOO�SRO\QRPLDO�� ,W� LV� DOVR�DGYLVDEOH� WKDW� WKH� FRPSXWHU�EH�RIIHUHG�SDLU� SURGXFWV�FRYDULDQFHV��RI�DUJXPHQWV�IRU�VHOHFWLRQ��7KH�DOJRULWKP�ZLOO�OHDYH�LQ�WKH�QRQSK\VLFDO�IRUHFDVWLQJPRGHO�RQO\�WKH�VXPPDQGV�WKDW�HQVXUH�WKH�GHHSHVW�FULWHULRQ�PLQLPXP�:KHUH� WKH� GDWD� VDPSOH� LV� WRR� JUHDW�� LW� LV� UHFRPPHQGHG� WR� FRXQW� WLPH� E\� VHYHUDO� VFDOHV�� )RUH[DPSOH��WR�IRUHFDVW�WKH�ZDWHU�OHYHO�LQ�D�ULYHU��WKH�OHYHO�ZDV�PHDVXUHG�E\�DYHUDJLQJ�RYHU�PRQWKVDQG�\HDUV��$�VHSDUDWH�PRGHO�ZDV�REWDLQHG�IRU�HDFK�PRQWK��7KHQ��WKH�PRGHOV�ZHUH�XVHG�LQ�WXUQ�IRUVWHSZLVH�IRUHFDVWLQJ�RQH�\HDU�DKHDG�>��@��7KH�XVH�RI�VHYHUDO�WLPH�VFDOHV�LV�DQ�HIILFLHQW�PHWKRG�RISURFHVVLQJ�ODUJH�GDWD�DUUD\V�
���7KH�3UREOHP�RI�/RQJ�7HUP�6WHSZLVH�3URFHVV�)RUHFDVWLQJ$�IRUHFDVW�LV�UHIHUUHG�WR�DV�ORQJ�WHUP�LI�LWV�OHDG�WLPH�LV�HTXDO�WR��RU�H[FHHGV����YDULDEOH�PHDVXULQJLQWHUYDOV��VWHSV��LQ�GDWD�VDPSOHV��7KH�IRUHFDVWLQJ�HUURU�YDULDWLRQ�FULWHULRQ�VKRXOG�EH�OHVV�WKDQ�RQHRYHU� WKH�HQWLUH� IRUHFDVW��7KH� ORQJ�WHUP�IRUHFDVW� LV� SURGXFHG�E\� UHSHDWLQJ�RI�RQH�VWHS� VKRUW�WHUPIRUHFDVW�PDQ\�WLPHV��+RZHYHU��WKH�DFFXUDF\�GLPLQLVKHV�ZLWK�HDFK�VWHS��7KXV��WKH�SUREOHP�DULVHVRI�LQFUHDVLQJ�WKH�OHDG�WLPH�RI�IRUHFDVWLQJ�,Q�DGGLWLRQ��WKHUH�LV�D�GDQJHU�RI�VHOI�H[FLWHG�RVFLOODWLRQV�VWDUWLQJ�IURP�D�FHUWDLQ�VWHS�RI�WKH�IRUHFDVWIRU� PDQ\� VWUXFWXUHV� RI� GLIIHUHQFH� IRUHFDVWLQJ� PRGHOV�� 6WDELOLW\� RI� GLIIHUHQFH� VFKHPHV� �FDOOHG
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WHPSODWHV�� ZDV� VWXGLHG� LQ� GHWDLO� LQ� GLVFUHWH� PDWKHPDWLFV�� :H� PHQWLRQ� KHUH� RQO\� WZR� ZD\V� RILQFUHDVLQJ�WKH�VWDELOLW\��LQFOXGLQJ�����XVH�RI�WZR�WLPH�UHDGLQJ�VFDOHV�ZLWK�WUDQVIHU�WR�LPSOLFLW�WHPSODWHV�DQG����LQWURGXFWLRQ�RI�IHHGEDFN�WKDW�H[FOXGHV�D�FHUWDLQ�URZ�LQ�WKH�VDPSOH�DIWHU�HDFK�IRUHFDVWLQJVWHS�>��@�7R� GHVFULEH� WKH� ILUVW�PHWKRG�� ZH� XVH� DJDLQ� WKH� SUREOHP� RI� IRUHFDVWLQJ� WKH� ULYHU� IORZ� WKDW� ZDVPHDVXUHG�RQ�DYHUDJH�E\�PRQWKV�DQG�\HDUV�>��@��7KH�VDPSOH�ILOOV�D�UHFWDQJXODU�WKDW�FRQWDLQV����[�1�0�  � ���� GLJLWV�� 7KH� &RPELQDWRULDO� *0'+� DOJRULWKP� \LHOGV� DW� RQFH� ��� PRQWKO\� GLIIHUHQFHPRGHOV��7KH�RULJLQDO�IDOO�HTXDWLRQV�FRUUHVSRQG� WR�/�VKDSHG� LPSOLFLW� WHPSODWHV�ZKRVH�VKRUW�DUPVDUH�GLUHFWHG�LQVLGH�WKH�UHFWDQJXODU�)RU�H[DPSOH��WKH�IXOO�HTXDWLRQ�IRU�WKH�-DQXDU\�PRGHO�LV[ I [ [ [ [N V N V W N V W N 7 V N 7 V� �� � � �� � � �� � �� � � � � � ��� �� � �� � �� � � �' ' ' 'ZKHUH�N DQG�V DUH�WKH�GLVFUHWH�YDOXHV�RI�WKH�QXPEHU�RI�\HDUV�DQG�PRQWKV��UHVSHFWLYHO\��DQG�'W LV�WKHOHDG�WLPH�RI�D�PRQWK��DQG�'7 LV�WKDW�RI�D�\HDU��)RU�WKH�'HFHPEHU�PRGHO�ZH�KDYH�[ I [ [ [ [N V N V W N V W N 7 V N 7 V� �� � � �� � � �� � �� � � � � � ��� �� � �� � �� � � �' ' ' '7KH�EHVW�SUDFWLFH�LV�WR�LQFOXGH�RQO\�WKH�HOHPHQWV�RI�WKH�UHFWDQJXODU�LQ�WKH�RUWKRJRQDO�D[HV�7KH� VHFRQG�PHWKRG� WKDW�PD\� EH� DGRSWHG� WR� HQVXUH� WKH� VWDELOLW\� LV� DSSOLFDEOH� RQO\� WR� ORQJ�WHUPIRUHFDVWV�RI�VWHDG\�VWDWH�SURFHVVHV��ZKLFK�PD\�LQFOXGH��LQ�PDQ\�FDVHV��D�WUHQG�RI�GHYLDWLRQV�RI�WKHSUHGLFWHG�YDOXH�IURP�WKH�PHGLDQ�>�@��7KLV�PHWKRG�XVHV�WKH�FRQFHSW�RI�PDLQWDLQLQJ�WKH�GLVWULEXWLRQRI�GLVFUHWH�YDOXHV�RI� WKH�YDULDEOH� WR�EH� IRUHFDVWHG��$FFRUGLQJ� WR� WKH� FRQFHSW�� DOO� GLVFUHWH� YDOXHVVKRXOG�UHSHDW�WKHPVHOYHV�LQ�WKH�VDPH�QXPEHU�RI�FDVHV�RYHU�WKH�IRUHFDVWLQJ�LQWHUYDO�HTXDO�LQ�OHQJWKWR�WKH�RULJLQDO�GDWD�VDPSOH��7KH�VWHSZLVH�IRUHFDVWLQJ�LV�FDUULHG�RXW�DV�XVXDO�EXW�WKH�GLVFUHWH�YDOXHRQFH� VHOHFWHG� IRU� D� IRUHFDVW� LV� VNLSSHG� LQ� WKH�QH[W� VWHSV��7KHQ�� WKH�GLVFUHWH�YDOXH� WKDW� LV� QH[W� LVVHOHFWHG�E\�WKH�FULWHULRQ��7KH�DOJRULWKP�ZDV�XVHG�WR�IRUHFDVW�WKH�DYHUDJH�DQQXDO�IORZ�RI�WKH�9ROJDULYHU�ZKHQ�LWV�OHYHO�ZDV�GLVFUHWL]HG�LQ����YDOXHV�>��@��,Q�IRUHFDVWLQJ�PXOWLGLPHQVLRQDO�SURFHVVHV�YDOXHV�RI�VHYHUDO�YDULDEOHV�DUH�JLYHQ�LQ�HDFK�QRGH�RI� WKH�WHPSODWH� WR� LQFUHDVH� WKH�VWDELOLW\�RI� WKHORQJ�WHUP�VWHSZLVH�IRUHFDVW�$Q�DOWHUQDWLYH�WR�WKH�XVH�RI�GLIIHUHQFH�HTXDWLRQV�IRU�ORQJ�WHUP�IRUHFDVWLQJ�LV�D�+DUPRQLF�*0'+DOJRULWKP� >�@�� ,WV� DSSOLFDWLRQV� DUH� DVVRFLDWHG� ZLWK� XQLGLPHQVLRQDO� RVFLOODWRU\� SURFHVVHV�� 7KHRVFLOODWLRQ�RI�WKH�SURFHVVHV�FDQ�EH�HVWLPDWHG�E\�FRPSXWLQJ�WKH�LQWHJUDO�RI�WKH�KDUPRQLF�LQWHQVLW\>��@����7KH�3UREOHP�RI�([WUDSRODWLRQ�RI�3K\VLFDO�)LHOGV7KH�SK\VLFDO�ILHOG�LV�UHSUHVHQWHG�DV�D�UHFWDQJXODU�QHW�RI�PHDVXUHPHQWV�ZKHUH�VRPH�QRGHV�FRQWDLQYDOXHV� RI� RQH� RU�PRUH� RXWSXW� YDULDEOHV� FRUUHODWHG� ZLWK� HDFK� RWKHU�� 7KH� SUREOHP� LV� WR� ILQG� WKHYDOXHV�RI�WKHVH�YDULDEOHV�LQ�WKH�QRGHV�ZKHUH�WKH\�DUH�XQNQRZQ�
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7KH�SUREOHP�RI�QHDU�H[WUDSRODWLRQ�WR�RQH�FHOO�RI�WKH�QHW�LV�VLPLODU�WR�WKDW�RI�VKRUW�WHUP�IRUHFDVWLQJRQH� WLPH� VWHS� DKHDG�� 7KH� SUREOHP� FDQ� EH� VROYHG� E\� WKH� VDPH� DOJRULWKP�� D� QRQSK\VLFDO�PRGHO\LHOGLQJ� WKH� PRVW� DFFXUDWH� H[WUDSRODWLRQ� IRU� LQDFFXUDWH� PHDVXUHPHQWV�� 'LVWDQW� H[WUDSRODWLRQ� LVVLPLODU� WR� ORQJ�WHUP� IRUHFDVWLQJ�� 6HOI�� H[FLWHG� RVFLOODWLRQV� DUH� DOVR� SRVVLEOH� GHSHQGLQJ� RQ� WKHFKRLFH�RI�WKH�GLIIHUHQFH�VFKHPH��L�H���WKH�WHPSODWH��,Q�>��@��ZH�GHVFULEHG�D�SURJUDP�IRU�VHOHFWLQJ�DFURVV��OLNH�WHPSODWH�IRU�WKH�H[WUDSRODWLRQ�RI�D�WZR�GLPHQVLRQDO�SURGXFWLYLW\�ILHOG�RI�DQ�RLO�EHDULQJKRUL]RQ����7KH�3UREOHP�RI�&OXVWHULQJ�RI�D�'DWD�6DPSOH�DQG�RI�6HDUFK�IRU�3K\VLFDO&OXVWHULQJ�WR�&RUUHVSRQG�WR�WKH�3K\VLFDO�0RGHO�RI�DQ�2EMHFW&OXVWHULQJ�RI�D�GDWD�VDPSOH�PHDQV�LWV�GLYLVLRQ�LQWR�FOXVWHUV�ZKRVH�QXPEHU�DQG�WKH�SRLQWV�RI� WKHVDPSOH�WKH\�FRQWDLQ�DUH�VHOHFWHG�VR�WKDW�HDFK�FOXVWHU�LQFOXGHV�D�FRPSDFW�JURXS�RI�FORVHO\�VLWXDWHGVDPSOH�SRLQWV��(DFK�SRLQW�LV�SUHVHQW�LQ�RQO\�RQH�FOXVWHU��&OXVWHULQJ�FDQ�EH�UHJDUGHG�DV�D�GLVFUHWHGHVFULSWLRQ�RI�DQ�REMHFW��:H�FDQ�ILQG�WKH�GLVFUHWH�DQDORJXH�RI�WKH�SK\VLFDO�PRGHO�RI�WKH�REMHFW�LWVSK\VLFDO�FOXVWHULQJ�DPRQJ�DOO�SRVVLEOH�FOXVWHULQJV�>�����@�&OXVWHULQJ�YDULDQWV�DUH�VRUWHG�E\�DQ�DOJRULWKP�RI�2EMHFWLYH�&RPSXWHU�&OXVWHUL]DWLRQ� �2&&�� >�@�&RQVWUXFWLRQ� RI� D� KLHUDUFKLFDO� WUHH� RI� FOXVWHULQJV� RUGHUV� DQG� UHGXFHV� WKH� VRUWLQJ� ZKLOH� WKHFOXVWHULQJ�RSWLPXP�DFFRUGLQJ� WR�D�FULWHULRQ� LV�QRW� ORVW�>��@��3K\VLFDO�FOXVWHULQJ�FDQ�EH� IRXQG�E\WKH�FULWHULRQ�RI�EDODQFH�RI�FOXVWHULQJV��7R�FRPSXWH� WKH�FULWHULRQ�� WKH� VDPSOH� LV�GLYLGHG� LQWR� WZRHTXDO� SDUWV�� $� FOXVWHULQJ� WUHH� LV� FRQVWUXFWHG� RQ� HDFK� VXEVDPSOH� DQG� WKH� FULWHULRQ� RI� EDODQFH� LVFRPSXWHG� DW� HDFK� VWHS� ZLWK� WKH� VDPH� QXPEHU� RI� FOXVWHUV�� 7KH� FULWHULRQ� UHTXLUHV� ILQGLQJ� WKHFOXVWHULQJ�ZKHUH�ERWK�WKH�QXPEHU�DQG�FRRUGLQDWHV�RI�WKH�FHQWHUV��PLGGOH�SRLQWV��RI�FRUUHVSRQGLQJFOXVWHUV�FRLQFLGH�

%/ 0. [ [R$ R%L
.

M
0 � o  ¦¦� �

�� � � PLQ
ZKHUH�. LV� WKH� QXPEHU� RI� FOXVWHUV� DW� D� JLYHQ� VWHS� RI� WKH� WUHH� FRQVWUXFWLRQ��0 LV� WKH� QXPEHU� RIFRRUGLQDWHV��[R$ DUH�WKH�FRRUGLQDWHV�RI�WKH�FHQWHUV�RI�FOXVWHUV�FRQVWUXFWHG�ZLWKLQ�SDUW�$��DQG�[�% DUHWKH�FRRUGLQDWHV�RI�WKH�FHQWHUV�RI�FOXVWHUV�ZLWKLQ�SDUW�%�7KH�SK\VLFDO�FOXVWHULQJ�FDQ�EH�UHFRPPHQGHG�IRU�SURFHVV�IRUHFDVWLQJ�ZKHUH�QRLVH�LV�YHU\�KLJK�IRUG�� !�����DQG�WKH�SK\VLFDO�DQG�QRQ�SK\VLFDO�SRO\QRPLDO�PRGHOV�DUH�QRW�DFFXUDWH�HQRXJK��&OXVWHULQJPDNHV�LW�SRVVLEOH�WR�UHSODFH�WKH�SUREOHP�RI�IRUHFDVWLQJ�PXOWLGLPHQVLRQDO�SURFHVVHV�E\�WKDW�RI�RQH�GLPHQVLRQDO� IRUHFDVWLQJ� RI� FOXVWHU� QXPEHUV� IROORZLQJ� RQH� DQRWKHU�� $OJRULWKPV� RI� HYROXWLRQDU\PRGHOLQJ�DUH�TXLWH�VXLWDEOH�IRU�WKLV�IRUHFDVWLQJ�>�����@����7KH�3DWWHUQ�5HFRJQLWLRQ�3UREOHP7KH�*0'+�DOJRULWKPV�FDQ�EH�GLUHFWO\�XVHG�WR�VROYH�D�SUREOHP�RI�SDWWHUQ�UHFRJQLWLRQ�LI�ZH�WXUQIURP� WKH� GLVFUHWH� IRUPXODWLRQ� RI� WKH� SUREOHP� WR� WKH� FRQWLQXRXV� IXQFWLRQ� RI� WKH� PHPEHUVKLSPHDVXUH� RI� HDFK� LPDJH� LQ� D� SDUWLFXODU� SDWWHUQ�� 7KH� DGYDQWDJHV� RI� QRQSK\VLFDO� PRGHOV� DQG� RIGHFLVLRQ�UXOHV�FDQ�EH�XWLOL]HG�RQO\�IRU�FRQWLQXRXV�YDULDEOHV�
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QHLJKERULQJ�WUHHV�GXULQJ�WKH�FRQVWUXFWLRQ��DFFRUGLQJ�WR�WKH�FULWHULRQ�RI�EDODQFH�RI�FOXVWHULQJV��ZHFDQ�ILQG�WKH�JHQHUDO�RU�SK\VLFDO�FOXVWHULQJ��&ODVVLILFDWLRQ�RI�LPDJHV�LV�SRVVLEOH�RQO\�LI�WKH�SK\VLFDOFOXVWHULQJ�LV�DYDLODEOH�IRU�DOO�LPDJH�VDPSOHV��)RU�VHOI�RUJDQL]DWLRQ�RI�WKH�SHUFHSWURQ�GHVLJQHG�IRUWKH� FODVVLILFDWLRQ� RI� LPDJHV�� LW� LV� SUHIHUDEOH� WKDW� WKH� QXPEHU� RI� LQWHUQDO�$�HOHPHQWV� EH� VHOHFWHGHTXDO�WR�WKH�QXPEHU�RI�FOXVWHUV�DQG�WKH�FRHIILFLHQWV�RI�FRQQHFWLRQV�ZLWK�6�HOHPHQWV�EH�DVVXPHG�WREH� HTXDO� WR� WKH� FRRUGLQDWHV� RI� WKH� PLGGOH� SRLQWV� �FHQWHUV�� RI� WKH� FOXVWHUV�� 7KLV� DGMXVWPHQWPLQLPL]HV�WKH�UHFRJQLWLRQ�HUURU�IRU�DOO�VDPSOHV��LQFOXGLQJ�WKH�VDPSOH�RI�QHZ�GDWD������5HFRJQLWLRQ�DQG�'LDJQRVWLFV�RQ�WKH�%DVLV�RI�WKH�0XOWLOD\HUHG�7KHRU\�RI�6WDWLVWLFDO'HFLVLRQV$V� QRWHG� DERYH�� WKH� FRQVWUXFWLRQ� RI� VRUWLQJ� *0'+� DOJRULWKPV� PD\� XVH� GLIIHUHQW� VXSSRUWIXQFWLRQV��LQFOXGLQJ�SRO\QRPLDOV��KDUPRQLF��RU�ORJLVWLF�IXQFWLRQV��7KH�%D\HV�IRUPXODV�RU�WKH�:DOGWKHRULHV�RI�VWDWLVWLFDO�GHFLVLRQV�DUH�DOVR�DSSOLHG��$V� WKH�DOJRULWKP�ZDV�GHYHORSHG��ZH� IRXQG� WKDW�FRPSXWDWLRQV�RI�D�SRVWHULRUL SUREDELOLW\�FDQ�EHUHGXFHG�GUDPDWLFDOO\�LI�ZH�DVVXPH�WKH�DFKLHYHPHQW�RI�WZR�GHILQHG�OHYHOV�E\�WZR�YDULDEOHV�LQVWHDGRI� WKH� DFKLHYHPHQW� RI� RQH� OHYHO� E\� RQH� YDULDEOH� WR� EH� D� VLQJOH� DFFLGHQWDO� HYHQW� >��@�� 7KHSUREDELOLVWLF�VRUWLQJ�*0'+�DOJRULWKPV�ZLWK�GXDO�DFFLGHQWDO�HYHQWV�DUH�XVHG�IRU�PHGLFDO�GLDJQRVLVDQG�WR�HYDOXDWH�WKH�WUHDWPHQW�PHWKRG�SUHVFULEHG�E\�D�GRFWRU������1HXUDO�1HWV�ZLWK�3DVVLYH�%LQDU\�RU�/RJLVWLF�1HXURQV��3HUFHSWURQV�7KH� SURFHVV� RI� RSWLPL]LQJ� D� VHW� RI� LQSXW� YDULDEOHV� LV� QRW� LQFOXGHG� LQ� SDVVLYH� QHXURQV�� ,W� LVHVWDEOLVKHG�LQ�WKH�FRPSOH[�SURFHVV�RI�VHOI�RUJDQL]DWLRQ�RI�WKH�HQWLUH�V\VWHP�RI�PDQ\�QHXURQV�DV�DZKROH��7KH�SRO\QRPLDO�GHFLVLRQ�UXOH�LV�UHSODFHG�E\�D�SLHFHZLVH�OLQHDU�UXOH�DV�D�UHVXOW�3HUFHSWURQV�GR�QRW�LQYROYH�VWUXFWXUDO�RSWLPL]DWLRQ�DFFRUGLQJ�WR�WKH�H[WHUQDO�FULWHULRQ�DQG�RSWLPXPQRQ�� SK\VLFDO� PRGHOV�� 2QO\� SDUDPHWULF� RSWLPL]DWLRQ� E\� EDFN� SURSDJDWLRQ� LV� FDUULHG� RXW�3HUFHSWURQV�DUH�DOPRVW�DV�JRRG�DV�*0'+�DOJRULWKPV� LQ�DFFXUDF\� LI� WKH� OHDUQLQJ�VDPSOH� LV� ORQJHQRXJK��QRLVH�YDULDQFH�LV�ORZ��DQG�WKH�VDPSOH�FRQWDLQV�YDULDEOHV�GLVFUHWL]HG�LQWR�D�VPDOO�QXPEHURI�OHYHOV��L�H���LQ�WKH�FDVHV�ZKHUH�WKH�SK\VLFDO�PRGHO�LV�RSWLPXP��7KH�*0'+�DOJRULWKPV�JDLQ�WKHDGYDQWDJH�LQ�DFFXUDF\�IRU�VKRUW�VDPSOHV�RI�FRQWLQXRXV�QRLV\�YDULDEOHV��L�H���ZKHQ�WKH�QRQSK\VLFDOPRGHO� LV� RSWLPXP�� 7KH� DGYDQWDJHV� RI� SHUFHSWURQV� DQG� RI� SRO\QRPLDO� *0'+� DOJRULWKPV� DUHFRPELQHG�LQ�QHXUDO�QHWV�ZLWK�DFWLYH�QHXURQV�>��@����7KH�3UREOHP�RI�6HOI�2UJDQL]DWLRQ�RI�0XOWLOD\HUHG�1HXUDO�1HWV�:LWK�$FWLYH1HXURQV7KH�*0'+�DOJRULWKPV�GHVFULEHG�DERYH�SURGXFH�D�KLJK�DFFXUDF\�RI�VROYLQJ�WKH�SUREOHPV�LQ� WKHVSHFLILHG� UHJUHVVLRQ� GRPDLQ�� 7KH� GRPDLQ� FDQ� EH� H[WHQGHG� E\� FRPSXWLQJ� DGGLWLRQDO� UHJUHVVRUV�7KH�H[WHQVLRQ�RI�D�VHW�RI�UHJUHVVRUV�E\�FRPSXWLQJ�SDLU�SURGXFWV��FRYDULDQFHV��RU�LQYHUVH�YDOXHV�RIYDULDEOHV� LV� D� ZHOO�NQRZQ� SUDFWLFH�� $� SUREOHP� DULVHV� KHUH� RI� VHOHFWLQJ� VLPSOH� QRQOLQHDU
� 5HFDOO�WKH�GLIIHUHQFH��WKH�IRUPHU�LQYROYH�PXOWLSOLFDWLRQ�RI�VSHFLILF�SUREDELOLWLHV�RI�HYHQWV��ZKHUHDV�WKH�ODWWHU�SHUIRUPVXPPDWLRQ�RI�WKHVH�SUREDELOLWLHV��)RUPXODV�DUH�XVHG�LQ�HDFK�VRUWLQJ�VHULHV�DFFRUGLQJ�WR�WKH�076'
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WUDQVIRUPDWLRQV�RI�LQSXW�YDULDEOHV�WR�JHW�QHZ��JHQHUDOL]HG�IHDWXUHV��&RPSXWDWLRQV�KDYH�VKRZQ�WKDWWKH�H[WHQVLRQ�RI�D�VHW�RI�YDULDEOHV�E\�LQWURGXFLQJ�RXWSXW�YDULDEOHV�IRXQG�E\�*0'+�DOJRULWKPV�FDQEH�YHU\�HIIHFWLYH�>�����@�7R� LPSOHPHQW� WKLV� LGHD�� ZH� IRUP� D� QHXUDO� QHW�� ZKLFK� LV� D� FROOHFWLRQ� RI� DFWLYH� QHXURQV�� HDFKIROORZLQJ�D�*0'+�DOJRULWKP��7KH�QXPEHU�RI�QHXURQV�LQ�HDFK�OD\HU�RI�WKH�QHW�HTXDOV�WKH�QXPEHURI�YDULDEOHV�GHILQHG�LQ�WKH�VDPSOH��(DFK�QHXURQ�IRUHFDVWV�RQH�RI�WKH�YDULDEOHV��2XWSXW�YDULDEOHV�LQHDFK�OD\HU�DUH�DGGHG�WR�WKH�VHW�RI�YDULDEOHV�LQ�WKH�QH[W�OD\HU��7KH�EXLOG�XS�RI�WKH�OD\HUV�FRQWLQXHVXQWLO� LW�FHDVHV� WR� LPSURYH� WKH�DFFXUDF\�RI�DSSUR[LPDWLRQ�RU� WKDW�RI� WKH� IRUHFDVWLQJ�RI� WKH�RXWSXWYDULDEOH�ZH�DUH�LQWHUHVWHG�LQ�2QH� YDULDEOH�PD\� UHTXLUH� VHYHUDO� OD\HUV�ZKLOH� DQRWKHU�PD\� QHHG� QR� QHW� DW� DOO�� &RQVLGHULQJ� WKHOLPLWHG� FDSDELOLWLHV� RI� FRPSXWHUV�� ZH� H[WHQG� WKH� VHW� RI� YDULDEOHV� LQ� HDFK� OD\HU� RI� WKH� QHW� DQGQDUURZ�LW�DW�WKH�VDPH�WLPH�E\�GLVFDUGLQJ�WKH�YDULDEOHV�WKDW�SURYHG�WR�EH�LQHIIHFWLYH�LQ�WKH�SUHYLRXVOD\HUV��2UGLQDU\�*0'+�DOJRULWKPV�VHOHFW�D�FRPSOHWH�VHW�RQO\�RQFH��,Q�WKH�QHXUDO�QHW��WKH�VHOHFWLRQWDNHV�SODFH�LQ�HDFK�OD\HU�E\�LQWURGXFLQJ�WKH�H[WHQVLRQ�QDUURZLQJ�SURFHGXUH�IRU�WKH�VHW�RI�YDULDEOHV�7KH� QHXUDO� QHW� LV� GHVLJQHG� WR� VROYH� WKH� VDPH� SUREOHP� WKDW� LV� VROYHG� E\� LWV� QHXURQV�� LI� *0'+DOJRULWKPV� DUH� XVHG�� WKH� QHXUDO� QHW� VROYHV� WKH� SUREOHP� RI� DSSUR[LPDWLRQ� RU� IRUHFDVWLQJ�� ,ISHUFHSWURQV� RU� RWKHU� UHFRJQLWLRQ� V\VWHPV� DUH� XVHG� DV� DFWLYH� QHXURQV�� WKH� QHXUDO� QHW� DV� D�ZKROHVROYHV� WKH� VDPH� SUREOHP�RI� SDWWHUQ� UHFRJQLWLRQ� EXW� GRHV� LW�PRUH� DFFXUDWHO\� WKDQ� WKH� QHXURQV� LWFRQVLVWV� RI�� 7KH� IRUHFDVWLQJ� QHXUDO� QHW� LV� D�PHDQV� IRU� LQFUHDVLQJ� WKH� OHDG� WLPH� RI� WKH� VWHSZLVHIRUHFDVWV�� 7KLV� WLPH� LV� HTXDO� WR� WKH� QXPEHU� RI� VWHSV� DW� ZKLFK� WKH� YDULDWLRQ� FULWHULRQ�PHHWV� WKHFRQGLWLRQ�G�� ������>�@�1HXUDO�QHWV�ZLWK�DFWLYH�QHXURQV�DUH�WZLFH�PXOWLOD\HUHG�VLQFH�PXOWLOD\HUHG�QHXURQV�DUH�FRQQHFWHGLQWR� D�PXOWLOD\HUHG� QHW�� 7KH� FRQVWUXFWLRQ� RI� D� QHXUDO� QHW� DW� HDFK� IRUHFDVWLQJ� VWHS� LQFUHDVHV� WKHDFFXUDF\�RI�HDFK�VWHS�DQG�WKXV�H[WHQGV�WKH�OHDG�WLPH��5RXJKO\��ZH�KDYHW G\ LW RSW ' � �
ZKHUH�W \ LV�WKH�OHDG�WLPH��'W LV�WKH�YDULDEOH�FRPSXWLQJ�VWHS��DQG�G LRSW� LV�WKH�YDOXH�RI�WKH�IRUHFDVWYDULDWLRQ�FULWHULRQ�7KH� DGYDQWDJH� RI� WKH� QHXUDO� QHW� ZLWK� DFWLYH� QHXURQV� RYHU� DQ� RUGLQDU\� QHXUDO� QHW� ZLWK� ELQDU\QHXURQV� LV� WKDW� VHOI�RUJDQL]DWLRQ� RI� WKH� QHW� LV� VLPSOLILHG� DV� HDFK� QHXURQ� ILQGV� WKH� UHTXLUHGFRQQHFWLRQV�LQ�WKH�FRXUVH�RI�LWV�VHOI�RUJDQL]DWLRQ�E\�LWVHOI��7KXV��RQH�RI�WKH�GLIILFXOW�SUREOHPV�LQWKH�WKHRU\�RI�GHVLJQLQJ�DQ�DUWLILFLDO�LQWHOOLJHQFH�LV�VROYHG�����7KH�3UREOHP�RI�1RUPDWLYH�3URFHVV�)RUHFDVWLQJ�E\�6LPSOLILHG�/LQHDU3URJUDPPLQJ�$QG�6SHFLI\LQJ�*0'+�$OJRULWKP�/LPLWDWLRQV6SHFLI\LQJ�OLPLWDWLRQV�RI�WKH�RSWLPL]DWLRQ�GRPDLQ�LV�WKH�PDLQ�GLIILFXOW\�LQ�WKH�SUDFWLFDO�DSSOLFDWLRQRI�OLQHDU�SURJUDPPLQJ��$V�GHVFULEHG�LQ�>��@��WKLV�SUREOHP�FDQ�EH�UHVROYHG�E\�*0'+�DOJRULWKPV�7KH�UHVXOW�LV�D�VHW�RI�WRROV�WKDW�FDQ�EH�UHFRPPHQGHG�DV�D�EDVLF�RQH�IRU�QRUPDWLYH�IRUHFDVWLQJ��³,I�
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